Analytical solutions for the initial stage of 1D countercurrent flow of water and oil in porous media are presented. Expressions are obtained for the time dependence of the water saturation profile and the oil recovered during spontaneous countercurrent imbibition in rod-like, cylindrical, and spherical cores, for which water is the wetting liquid. Some of the analytical solutions are found to be in good agreement with existing numerical solutions and available experimental data for oil recovery from cores with strong water wettability.
Introduction
Capillary-driven fluid flow is often important in two-phase flow in fractured porous media and in layered media where individual layers are thin. The imbibition of water in the matrix block of a fractured reservoir when immersed in water is mainly by the capillary phenomena at water-wet conditions. 1 In such cases, the parameters in the flow equations are complicated functions of saturation because of high nonlinearity arising from a realistic shape of the capillary-pressure curve. The common approach to the modeling of the process is the use of numerical techniques.
Analytical solutions to fluid-flow problems are desirable, because they allow a better understanding of the underlying physics and verification of numerical models. For capillary-driven flow, only a handful of authors have proposed analytical solutions of various degrees of complexity and with certain restrictive assumptions.
Yortsos and Fokas obtained an analytical solution for a 1D flow with account of capillary pressure; the relative permeabilities and capillary pressure were, however, severely restricted in functional form. 2 Chen proposed combined analytical-numerical techniques for analysis of radial 1D flow. 3 His work is based on the use of certain asymptotic conditions; it has a strong numerical component.
McWhorter and Sunada reported quasianalytical solutions for 1D linear and radial flow. 4 Their work includes both countercurrent and cocurrent flow. These authors limited their solution to an infinite acting medium and assumed that the volume flux at the inlet is of the form At −1/2 where A is constant and t is time. Pavone et al. 5 also solved the 1D and 2D (gravity drainage) problem analytically; several assumptions were made by these authors to provide a closed-form solution. The assumptions included infinite gas mobility, linear liquid-phase relative permeability, and capillary-pressure dependence on saturation in the form of logarithmic function. As a result of these assumptions, the flow equations became linear.
In this paper, we provide approximate analytical solutions for the initial stage of linear, cylindrical, and spherical countercurrent flow of water and oil in a porous medium. We solve the flow equations without restricting the functional form of the relative permeabilities and the capillary pressure. We only assume that the imbibing and the displaced liquids are incompressible and that the porous medium is water-wet. These two assumptions have been made in the work of all authors referred to above.
The "Diffusion" Coefficient
The flow of water and oil in a porous medium is described by a diffusion-type equation in which the quantity plays the role of diffusion coefficient. 4, 6 In this expression, S w ‫ס‬the water saturation, k (m 2 )‫ס‬the absolute permeability of the medium; k rw and k ro are the relative permeabilities to water and oil, respectively; w (Pa·s) and o (Pa·s) are the viscosities of water and oil, respectively; ‫ס‬the fractional porosity of the medium; P c ‫ס‬p o −p w is the capillary pressure (positive when water is the wetting liquid); and p w (Pa) and p o (Pa) are the water and the oil pressures, respectively.
The dependence of the relative permeabilities and the capillary pressure on S w can be modeled in various ways, 6, 7 and that leads to different D(S w ) functions. In this study, we adopt the expressions used by Pooladi-Darvish and Firoozabadi 6 and present k rw , k ro , and P c as Because S iw ‫ס‬the irreducible water saturation and S or is the residual oil saturation, S‫ס‬a number between zero and unity. It should be pointed out that the expression for the capillary pressure and relative permeability functions given above describes adequately the imbibition of water in oil-saturated porous media for water-wet conditions. Combining Eqs. 1 through 5 yields
where the parameter D* (m 2 /s) and the mobility ratio a are given by 6 These and other parameter values used in the graphical and numerical illustrations to follow are presented in Table 1 . As seen in Fig. 1, D 
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Linear Imbibition. We consider a rod-like porous core with length L (m), constant cross-sectional area, and impermeable lateral surface (Fig. 2a) . The core is saturated with oil and immersed in water. Because oil is the nonwetting liquid and water is the wetting one, spontaneous countercurrent imbibition occurs by inflow of water and outflow of oil through the basal faces of the core. With negligible gravity and edge effects, the process is 1D and the water saturation S w depends only on the spatial coordinate x and time t. The S w (x,t) function is then the solution of the diffusiontype equation where D‫ס‬the "diffusion" coefficient defined by Eq. 1. Assuming that, initially, the core contains the irreducible water saturation S iw , for the initial condition to Eq. 13, we write Depending on the conditions of the water flow at the two faces of the core, Eq. 13 admits various boundary conditions. We shall consider here countercurrent imbibition occurring, first, at the maximum water saturation 1−S or at the left (x‫)0ס‬ and the right (x‫ס‬L) ends of the core, and, second, until the moment t* at which the two advancing fronts of imbibing water meet at the middle of the core. Then, the saturation profiles in the left and the right halves of the core are symmetrical, and the boundary conditions read (tՅt*) for the core-right half (L/2ՅxՅL).
Because the evolution of the water saturation in the core is governed by a diffusion-type equation, the distance (m) traveled by each of the two water fronts into the core to time tՅt* obeys the Einstein-type relation 9 (ՅL/2): where ≈1 to 2 is a numerical factor, and D m ‫ס‬the maximum value of the "diffusion" coefficient D from Eq. 1. The circles in Fig. 3 represent the numerical (t) data of Pooladi-Darvish and Firoozabadi 6 ; the curve is the best fit according to Eq. 
. (20)
With the above D m and and with (e.g., L‫04ס‬ cm) (this L value corresponds to the core length used by Pooladi-Darvish and Firoozabadi 6 ), Eq. 20 leads to t*‫005ס‬ h (≈21 days). Employing the normalized water saturation S from Eq. 5, and accounting that for tՅt* there is no imbibed water between the two water fronts in the core, we can rewrite Eq. 13 as 
Finding the exact solution S(x,t) of Eqs. 21 through 23 for the left half of the core or, equivalently, Eqs. 21, 22, and 24 for the right half of the core is a formidable mathematical task, especially because Eqs. 23 and 24 are moving boundary conditions. In what follows, we shall find an approximate, quasistationary solution
S[x,(t)] which depends implicitly on t through the function (t).
Physically, this solution corresponds to a sufficiently fast adjustment of the water saturation profile to the momentary value of . It is important to note also that this solution is exact when the position or L− of the respective water front is t-independent.
As for the quasistationary solution, Eq. 21 transforms into the ordinary differential equation
ѨS
which has to be solved under the boundary conditions
for the left and the right halves of the core, respectively. Direct substitution in Eqs. 26 through 28 shows that their solution S(x) is of the form (0ՅtՅt*)
for the left half (0ՅxՅ) and
for the right half (L−ՅxՅL) of the core, (t) being specified by Eq. 19. At a given moment, rather than the desired S(x) function, Eqs. 29 and 30 give explicitly x as a function of S. The concrete form of these two functions can be obtained by introducing an approximate function D(S) in the integrals in Eqs. 29 and 30 and carrying out the integration either analytically or numerically. In this respect, D(S) from Eq. 9 is very convenient. Indeed, using it yields
Combining Eqs. 29 through 31, we thus obtain (0ՅtՅt*)
for the left (0ՅxՅ) and the right (L−ՅxՅL) halves of the core, respectively. Here ␥ is the incomplete gamma function defined by Abramowitz and Stegun 10 (p. 260): 
for the left half and in (L−(D m t)
for the right half of the core. These expressions follow also from Eqs. 32 and 33, because according to Eq. 34, ␥(1,y)‫−1ס‬e −y . The original notation S(x,t) is employed as an abbreviation of S[x,(t)] in Eqs. 35 and 36. Table 1 ; they were also used by Pooladi-Darvish and Firoozabadi for the numerical computation of S(x,t) for spontaneous countercurrent imbibition in the left half of a rod-like core at normalized inlet water saturation equal to unity. 6 The S(x,t) data of these authors are, therefore, appropriate for verification of the accuracy of the approximate solution in Eq. 35. The circles in Fig.  4 represent these data at t‫,2ס‬ 24, and 120 hours-we observe a fair agreement between the numerical and the analytical S(x,t). Note that in Fig. 4 there is a sharp change of the water saturation profile in the range of S values for which D(S) from Eq. 9 is virtually zero (see Fig. 1 ). In contrast, S varies with x relatively slowly and almost linearly when it has values corresponding to the width of the D(S) maximum in Fig. 1 .
Cylindrical Imbibition. In this case, the core is a sufficiently long cylinder with radius R (m) and impermeable basal faces (Fig. 2b) . The water inflow and the oil outflow is thus through the core lateral surface. With negligible gravity and edge effects, S(r,t) is the solution of the 1D diffusion-type equation Here (m), defined as ≡R−, is the radial distance from the core axis to the water front at time t. In conformity with Eq. 19, the (t) dependence thus reads When the water front is in the close vicinity of the core axis, its advancement cannot be described by the simple formula of Eq. 19. That is, the quasistationary solution of Eqs. 38 and 39 is valid to the moment t** at which the water front is a few percent of R away from the core axis. Hence, defining t** by (t**)‫50.0ס‬R and using Eq. 40 yields (cf. 
. . . (44)
The saturation profile (Eq. 44) at t‫,2ס‬ 24, 120, and 450 hours is illustrated in Fig. 5a . The results correspond to R, n, c, , and D m from Table 1 . Comparison of the curves in Figs. 4 and 5a shows that the saturation profiles in countercurrent linear and cylindrical imbibition are qualitatively the same. Spherical Imbibition. We consider a spherical core (Fig. 2c) with small enough radius R (m) for the gravity effect to be negligible. In a spherical coordinate system with origin at the core center, the saturation function S(r,t) is the solution of the diffusion-type equation which parallels Eqs. 21 and 37 for linear and cylindrical imbibition. We are again interested in the quasistationary solution S[r,(t)] with (t) from Eq. 40. This solution satisfies Eq. 25 and is valid for tՅt** (t** is specified by Eq. 41, because Eq. 19 cannot describe the advancement of the water front when the water front is too close to the sphere center). Similar to Eqs. 38 and 39, S is the solution of the equation 
tion profile in a spherical core when D(S) is known. If D(S)
is approximated by Eq. 9, recalling Eqs. 31 and 34 from Eq. 48, we obtain (ՅrՅR, 0ՅtՅt**) Figure 5b displays the saturation profile Eq. 50 at t‫,2ס‬ 24, 120, and 450 hours, respectively. This profile corresponds to the parameter values listed in Table 1 . We observe that the water saturation profile for spherical imbibition does not differ qualitatively from the profiles for linear and cylindrical imbibition (for example, the curves in Figs. 4 and 5a) . 
. (54)
We shall now find the ␣(t) to the moment t* at which the two water fronts meet at the middle of the core. Recalling that the two water saturation profiles are symmetric, taking into account that S(x,t)‫0ס‬ between the water fronts, replacing dx in Eq. 54 by (dx/dS)dS and calculating dx/dS using Eq. 29, from Eq. 54 we obtain (0ՅtՅt*) ␣͑t͒ = ͓2͑t͒/L͔ ͐ This general equation reveals that in linear countercurrent imbibition, ␣ initially does not depend explicitly on the water saturation profile. The ratio of the integrals in this equation has a simple physical meaning-it represents the average value of S with respect to D(S) regarded as a distribution function. Because this value is just a fixed number between 0 and 1 for whatever shape of the S(x,t) function, for tՅt* the temporal evolution of ␣ is governed solely by the (t) from Eq. 19 (i.e., by the advancement of the two water fronts): ␣ increases linearly with t 1/2 . The general Eq. 55 allows to determine ␣(t) analytically when D(S) is modeled by Eq. 9. Then, upon performing the integration using Eqs. 31 and 34, we obtain (0ՅtՅt*)
. . . (56)
This expression is less complicated in the particular case of m+1‫ס‬n. Because ␥(1,y)‫−1ס‬e −y , Eq. 56 then becomes (0ՅtՅt*) Setting t‫ס‬t* in Eqs. 55 through 58, we can calculate the fraction ␣*≡␣(t*) of oil recovered until the moment t* at which the two water fronts meet at the middle of the core. From Eqs. 11, 20, and 58, we find
. . . (57)
This formula reveals that for m+1‫ס‬n, ␣* depends solely on the parameter n of the D(S) function Eq. 9 and on the value S m at which this function passes through a maximum. As seen, higher S m results in higher fractions ␣* of recovered oil. The use of n and c (or S m ) from Table 1 in Eq. 60 yields ‫.25.0ס*␣‬ Curve L in Fig. 6 displays the ␣(t) from Eq. 58 with the parameter values in Table 1 for tՅt*. The circles represent the exact numerical ␣(t) data of Pooladi-Darvish and Firoozabadi 6 also for tՅt*. As seen, the simple approximate Eq. 58 provides a reliable description of the evolution of ␣ at the initial stage (tՅt*) of spontaneous linear countercurrent imbibition-the error is less than about 7%. − S iw ͒. . . . . . . . . . . . . . . . . . . . . . . . . . . . . (62 
. (63)
At the initial stage of imbibition, S(r,t)‫0ס‬ for rՅ(t) and the lower limit of integration in Eq. 63 can be set at (t). Using the derivative dr/dS calculated from Eq. 42, we can rewrite Eq. 63 in the form (0ՅtՅt**)
where (t) and t** are given by Eqs. 40 and 41. The presentation of Eq. 63 in the form of Eq. 64 is advantageous, because r is available from Eq. 42 as an explicit function of S.
From the general Eq. 64, we see that in cylindrical imbibition, ␣ depends not only on the "diffusion" coefficient D(S) (for example, Eq. 55 for linear imbibition), but also on the water saturation profile expressed by the function r 2 (S) in the first integral. For the D(S) model of Eq. 9, using Eqs. 31 and 34, from Eq. 64 we obtain (0ՅtՅt**) This expression shows that, unlike in linear imbibition (for example, Eq. 58), ␣ in cylindrical imbibition is a complicated function of time through (t), which is given by Eq. 40. For that reason, ␣ can only be determined numerically from Eqs. 64, 65, or 66. The recovery ␣(t) from Eq. 66 for tՅt** with the parameter values from Table 1 is illustrated in Fig. 6 by curve C. We observe that the initial stage of cylindrical countercurrent imbibition and, therefore, the applicability of Eqs. 64 through 66 for typical values of m, n, and c extends up to about 70% of the total recoverable oil in the core. Comparing curves C and L, we see also that in cylindrical imbibition, as expected, the increase of ␣ is faster than in linear imbibition. Similar to cylindrical imbibition, in Eq. 69 we set the lower integration limit at (t) and replace dr by (dr/dS)dS. Calculating dr/dS by using Eq. 48 transforms Eq. 69 into (0ՅtՅt**)
where (t) and t** are given by Eqs. 40 and 41.
This expression allows the calculation of the initial temporal evolution of ␣ for any D(S) dependence, because in it the r(S) function is known from the general Eq. 48 for any dependence of D on S. For the D(S) model Eq. 9, using Eqs. 31 and 34 in Eq. 70 yields (0ՅtՅt**) It is seen from this expression that, similar to ␣ for cylindrical imbibition (for example, Eq. 66) and in contrast to ␣ for linear imbibition (as in Eq. 58), ␣ depends in a complicated way on t through the (t) function Eq. 40. The numerical calculation of ␣ from Eqs. 70 through 72 is, however, straightforward. Curve S in Fig. 6 displays the calculated ␣(t) dependence in Eq. 72 for tՅt** and the parameter values from Table 1 . Comparison of curves S, C, and L in this figure shows that under otherwise equal conditions, oil recovery is fastest in spherical imbibition, slower in cylindrical imbibition, and slowest in linear imbibition. For typical values of m, n, and c, the applicability of Eqs. 70 through 72 extends up to about 80% of the total recoverable oil in the core, because this percentage corresponds to the end of the initial stage of spherical countercurrent imbibition.
Sensitivity of the "Diffusion" Coefficient to m and n
We have varied some of the parameters of the two-phase water-oil system and porous media to investigate further the "diffusion" coefficient and the linear countercurrent imbibition. The results are briefly presented in this section. We used the model of PooladiDarvish and Firoozabadi to perform numerical calculations. 6 First the sensitivity of the "diffusion" coefficient to the parameters m and n in Eq. 9 is studied for the porous media of Table 1 . Fig. 7a shows a comparison of the diffusion coefficient from Eq. 6 with the relevant parameters from Table 1 and from Eq. 9 with m‫52.3ס‬ and n‫.52.5ס‬ In Fig. 1 , the dashed curve is computed for m‫5.3ס‬ and n‫.5.4ס‬ With the new values of m and n, there is a better agreement between Eqs. 6 and 9. However, because n is no longer equal to m+1, the recovery should be calculated from Eq. 56. Use of this equation with m‫52.3ס‬ and n‫52.5ס‬ provides an improved prediction of recovery in comparison to Fig. 6 (plot not  shown) .
We have also performed computations for the following three cases: 1) k‫100.0ס‬ m 2 , B‫001ס‬ kPa, o ‫2.0ס‬ mPa·s, 2) k‫100.0ס‬ m 2 , B‫001ס‬ kPa, and 3) B‫001ס‬ kPa. The other relevant parameters remain the same as those in Table 1 . Fig. 7b shows the comparison of the "diffusion" coefficients from Eqs. 6 and 9 with m‫52.4ס‬ and n‫52.5ס‬ for Case 1. We have kept the relation m‫ס‬n+1 between m and n in order to allow the use of Eqs. 35 and 36 for saturation calculation. Fig. 7c shows the comparison of the diffusion coefficients with m‫52.3ס‬ and n‫.52.7ס‬ The results from the numerical model of Pooladi-Darvish and Firoozabadi 6 for the saturation profiles reveal that with ‫53.1ס‬ in Eq. 19, the water fronts from this equation and the numerical model are in agreement. With ‫,53.1ס‬ the recovery from Eq. 56 with m‫52.3ס‬ and n‫52.7ס‬ also agrees with that from the numerical model. Fig. 7d shows the diffusion coefficient plot for Case 2 with m‫5.3ס‬ and n‫5.4ס‬ used in Eq. 9. With ‫,55.1ס‬ there is a good agreement between recovery from Eq. 58 and from the numerical model (results not shown).
Figs.7e and 7f show the "diffusion" coefficient plot for Case 3. The following values are used in Eq. 9 for these two figures: m‫5.3ס‬ and n‫5.4ס‬ for Fig. 7e , and m‫2.3ס‬ and n‫2.5ס‬ for Fig. 7f . Parameter ‫5.1ס‬ provides a good match between the water fronts from Eq. 19 and the numerical model. Recovery from Eq. 56 with ‫,5.1ס‬ m‫,2.3ס‬ and n‫2.5ס‬ is also in good agreement with that from the numerical model.
Comparison With Experiment
In a recent experimental study, Tang and Firoozabadi determined the time dependence of the fraction ␣ of n-decane recovered from single cores of Kansas outcrop chalk. 1 The circles in Fig. 8 display their ␣(t) data for a strongly water-wet cylindrical core with diameter and length of about 5 and 6 cm, respectively. The core was immersed in water at room temperature, and the oil recovery was determined by weighing the core during the displacement of the oil by the spontaneously imbibing water. The water inflow and the countercurrent oil outflow occurred through the whole surface of the core.
Treating the core as a sphere of radius R‫5.2ס‬ cm (because of the liquid flow through the whole core surface) and modeling D(S) by Eq. 9 with m+1‫ס‬n, we can use the ␣(t) function Eq. 72 for the description of the experimental ␣(t) data in Fig. 8 . The free parameters in Eq. 72 are n, c, and D m , and a best-fit procedure is quite complicated. For that reason, we use n‫5.4ס‬ and c‫2.21ס‬ from Table 1 and vary only the product D m until a reasonable fit is obtained. Although it is possible to find a better fit with somewhat different values of n and c, the corresponding D m value will differ relatively little from that given below.
The curve in Fig. 8 represents ␣(t) from Eq. 72 with the above values of n and c and with D m ‫ס‬ 0.12 cm 2 /min. We observe a good agreement between theory and experiment until t**‫74ס‬ min (this estimate for t**, the time limit of the validity of Eq. 72, follows from Eq. 41). The conclusion is, therefore, that the D(S) function for the strongly water-wet Kansas outcrop chalk is of the form Eq. 9 with maximum value D m ‫570.0ס‬ cm 2 /min. This value of D m corresponds to ‫6.1ס‬ from Table 1 . For comparison, using the relative permeabilities and capillary pressure inferred from numerical solution for the experimental ␣(t) data in Fig. 8 , we find D m ≈0.4 cm 2 /min. 
